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Abstract
On the basis of the eikonal approximation of quantum scattering theory, the
problem of fast charged particles scattering in a thin crystal when particles fall along
one its plane of atoms and in a thin layer of amorphous matter is considered. It is
shown that the scattering cross section in this problem, for parameters, which are
beyond the scope of application of the Born perturbation theory, differs significantly
from the corresponding result of the Born approximation. In this case, the scattering
in the transverse to the plane direction is determined mainly by a continuous plane
potential, which is widely used in the theory of the channeling phenomenon. The
scattering of a particle in the longitudinal direction has features of scattering in a
two-dimensional amorphous medium with inhomogeneous density of atoms. The
concept of a continuous potential of the crystal plane of atoms in the considered
approach appears automatically.
KEY WORDS: fast particles scattering in thin media layers, crystal periodical
structures, Eikonal and Born approximations of quantum electrodynamics, coherent
and incoherent scattering cross section
1 Introduction
When fast charged particles move in a crystal near one of its crystallographic axes or
planes of atoms, correlations between successive collisions of the particle with the lattice
atoms appear. As a result of these correlations, electromagnetic processes in a crystal,
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such as scattering and radiation, differ significantly from similar processes in an amor-
phous medium. Consideration of these processes based on the first Born approximation
of quantum electrodynamics shows that the cross section for the interaction of particles
with crystal lattice atoms in this approximation splits into the sum of the cross sections
of coherent and incoherent interaction[1, 2]. In this case, in the coherent interaction
cross section there are taken into account the correlation characteristics of particle suc-
cessive collisions with lattice atoms, whereas the incoherent interaction cross section is
determined by thermodynamic fluctuations of the atoms positions in the lattice relatively
to their equilibrium positions. The cross sections of incoherent interaction in the first
Born approximation are slightly different from the corresponding cross sections in an
amorphous medium.
The condition of applicability of the Born approximation in this problem, however, is
rapidly destroyed with decreasing angles of particles incidence on a crystal with respect
to its crystallographic axes or planes [2, 3]. This raises the question how this affects the
procedure of separating coherent and incoherent components of the cross section and the
kind of these cross section components. This paper is dedicated to this problem analysis
on the example of the fast particles scattering when they fall on a thin crystal along
one of its crystallographic planes of atoms. The consideration of this problem is carried
out on the basis of the eikonal approximation of the quantum scattering theory, which
allows one to study electromagnetic processes beyond the scope of application of the
Born approximation. It is significant that, on the basis of the eikonal approximation, it
is possible to describe the particles scattering both in an amorphous medium and in a
crystal using a unified method, since in this approximation there is no specific law of the
atoms arrangement in a media.
2 Scattering in a thin layer of media
The process of fast charged particles scattering in a thin layer of matter at small angles
can be considered on the basis of the eikonal approximation of quantum electrodynam-
ics. The differential scattering cross section in this approximation is determined by the
following formula [2, 3, 4, 5]:
d2σ
dq2⊥
=
1
4pi2
|
∫
d2ρei
~q⊥~ρ
~
(
e
i
~Φ(~ρ) − 1
)
|2, (1)
where q⊥ = (qx, qy) is the transverse component of the momentum transmitted by
scattered particle to an external field and
Φ (~ρ) = −1
v
∫ ∞
−∞
dz U (~ρ, z) . (2)
Here, the z -axis is parallel to the momenttum of the particle incident on the target,
~ρ = (x, y) are coordinates in the transverse plane, v is particle velocity and U (~ρ, z) is
potential energy of its interaction with atoms of the matter:
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U (~ρ, z) =
N∑
n=1
u (~ρ− ~ρn, z − zn) , (3)
where u (~ρ− ~ρn, z − zn) is potential energy of particle interaction with a separate
atom of the matter, ~rn = (~ρn, zn) is atom position in the media and N is amount of
atoms in the media.
For particle scattering in a thin layer of amorphous media, formula (1) should be
averaged over equally probable positions of atoms in the medium. Moreover, in the
Born approximation, when the scattering phase |Φ (~ρ) /~| is small compared to unity,
the mean value of the scattering cross section (1) is the sum of the cross sections of a
particle scattering on all atoms of the medium :
d2σ(N)
dq2⊥
= N
d2σ(1)
dq2⊥
(4)
With increasing target thickness, the scattering phase Φ (~ρ) increases. Moreover, if
|Φ (~ρ) |  ~ , then as a result of averaging we obtain the following expression for the
scattering cross section (1) in a thin layer of amorphous media [2]:
〈d
2σ
dq2⊥
〉 = S 1
pi〈q2⊥〉
exp
(
− ~q
2
⊥
〈q2⊥〉
)
(5)
where S is target cross section and 〈q2⊥〉 is average squared value of transmitted
momentum:
〈q2⊥〉 = Ln
∫
dσ1 (q⊥) q2⊥ (6)
Deriving (5), we used the fact that N = nLS , where n is the density of atoms in the
target and L is the target thickness.
In a crystal, atoms form a regular structure, so that the particles scattering in a crystal
can differ significantly from scattering in an amorphous medium. The positions of atoms
in the crystal lattice have some small deviation ~un from their equilibrium positions ~r0n :
~rn = ~r
0
n + ~un (7)
This deviation is due to thermal vibrations of atoms in the crystal. The particles scat-
tering in such structure depends on the orientation of the crystallographic axes relatively
to the direction of the incident beam.
3 Scattering in the Field of Separate Crystalline Plane of Atoms
Let us consider the fast particles scattering in a crystal studying one of the simplest
variants of the crystallographic axes orientation relatively to the incident beam, when
the particles fall on the crystal along the parallel crystal planes of atoms. We analyze
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Figure 1: Scattering in the field of a separate crystal plane of atoms
the problem on the basis of the eikonal approximation of the quantum scattering theory,
which allows one to exceed the scope of application of the Born perturbation theory. The
usage of the eikonal approximation in this problem is possible if the particle motion in
a crystal is close to a straight-line motion. This requires small crystal thickness along
the particle movement direction compared with the length that particle passes during
the period of its oscillation in the interplanar potential. Under these conditions, the
corrections of the eikonal scattering phase Φ (~ρ) are small [2].
The features of the particle (plane wave) scattering in a crystal in the given problem
are determined both with the features of its interaction with atoms of separate crystal
plane, and with features of interference effects of scattering on different crystal planes of
atoms. In this paper, we focus on the study of the features of particle scattering in the
field of a separate crystal plane of atoms (see Fig. 1), paying special attention to the issues
of theoretical considerations beyond the scope of application of the Born perturbation
theory. There is studied the simplest version of this problem, in assumption that the
atoms positions in crystalline plane are equiprobable with density n⊥ = Np/S , where
Np is the number of atoms in the plane and S is its area. In this case, the equiprobability
of atoms positions in the plane is equivalent to a two-dimensional amorphous medium.
Inserting (7) into (2), we obtain the following expression for the scattering phase in
cross section (2):
Φ (~ρ) =
Np∑
n=1
χ (~ρ− ~ρn) (8)
where ~ρn = (ux,n, yn) is atom position in (x, y) -plane, x -axis is orthogonal to (y, z)
-plane of atoms in crystal, along this plane the particle moves (see Fig.1) and
χ (~ρ− ~ρn) = −1
v
∫ ∞
−∞
dz u (~ρ− ~ρn, z − zn) (9)
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Here z -axis is parallel to the incident particle momentum and u (~ρ− ~ρn, z − zn) is
potential energy of particle interaction with a separate atom of a plane located at the
point with ~rn = (~ρn, zn) coordinates. Let us notice that χ (~ρ− ~ρn) value does not depend
on zn .
Inserting (8) into (1), we find out that differential cross section of scattering at nonzero
angles (1) becomes the following:
d2σ
dq2⊥
=
1
4pi2
∫
d2ρd2ρ′ei
~q⊥(~ρ−~ρ′)
~ e
i
~ [Φ(~ρ)−Φ(~ρ′)] (10)
The scattering cross section (10) should be averaged over the each atom position in
the plane. Assuming for simplicity that the atoms distribution in the plane along the
y-axis is equiprobable with the distribution function
g (y0) =
1
Ly
, 0 ≤ y0 ≤ Ly (11)
and that the position deviation of each atom ux,n along the x -axis relative to its
equilibrium position in the crystal plane is Gaussian:
f (ux,n) =
1√
2pi〈u2〉e
− u
2
x,n
2〈u2〉 (12)
we obtain the following expression for the average value of the function in (10):
〈e i~ [Φ(~ρ)−Φ(~ρ′)]〉 = ∏Npn=1 ∫ dux,nf (ux,n) ∫ Ly0 dy0,ng (y0,n) e i~ [χ(~ρ−~ρn)−χ(~ρ′−~ρn)] (13)
where Ly is the size of the crystal plane along the y-axis and u¯2 is the atom average
squared displacement along the x -axis relatively to the equilibrium position.
All n-th multipliers in (13) are the same, therefore
〈e i~ [Φ(~ρ)−Φ(~ρ′)] =
[∫
duxf (ux)
∫ Ly
0 dy0g (y0) e
i
~ [χ(~ρ−~ρ0)−χ(~ρ′−~ρ0)]
]Np
(14)
where ~ρ0 = (ux, y0)
For further speculations, we write the relation (14) in the following form:
〈e i~ [Φ(~ρ)−Φ(~ρ′)]〉 = exp
{
Npln
[∫
duxf (ux)
∫ Ly
0 dy0g (y0) e
i
~ [χ(~ρ−~ρ0)−χ(~ρ′−~ρ0)]
]}
(15)
For large values of Np, the main contribution to the scattering cross section (10) will
be made by the values of ~ρ , which are close to ~ρ′ . In this case, in (15) the expansion
with (~ρ− ~ρ′) small parameter can be made. We carry out this expansion in two stages,
firstly making the expansion with [χ (~ρ− ~ρ0)− χ (~ρ′ − ~ρ0)] /~ small value. Preserving
the quadratic terms in the expansion with this parameter, we find out that
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〈e i~ [Φ(~ρ)−Φ(~ρ′)]〉 ≈ exp
{
N
[
i
~〈χ− χ′〉 − 12~2 〈(χ− χ′)2〉+ 12~2 〈χ− χ′〉2 + . . .
]}
(16)
where the pair of angle brackets means the averaging procedure of the corresponding
functions over ux and y0 ,
〈χ− χ′〉 = ∫ duxf (ux) ∫ Ly0 dy0Ly [χ (~ρ− ~ρ0)− χ (~ρ′ − ~ρ0)] (17)
The number of atoms Np in the crystal plane (y, z) , along which the particles fall,
is proportional to the density of atoms in this plane n⊥ and its surface area S = LyLz :
Np = n⊥LyLz (18)
where Ly and Lz are the plane sizes along the y and z axes, therefore, as Ly →∞ , the
last term in exponent (16) can be neglected.
Now we make expansion with ~∆ = ~ρ − ~ρ′ small value in 〈χ − χ′〉 and 〈(χ− χ′)2〉 in
(16). It is easy to verify that, taking into account the ~∆ quadratic terms in this expansion
leads to the following relations:
〈χ− χ′〉 ≈ 1Ly
∫∞
−∞ duxf (ux)
∫ Ly
0 dy0
[
∆x
∂
∂x′
+ ∆
2
x
2
∂2
∂x′2
]
χ
(
x
′ − ux, y0
)
; (19)
〈(χ− χ′)2〉 ≈ 1Ly
∫∞
−∞ duxf (ux)
∫ Ly
0 dy0
∆2x
(
∂χ
(
x
′−ux,y0
)
∂x′
)2
+ ∆2y
(
∂χ
(
x
′−ux,y0
)
∂y0
)2
We used here the fact that the ∆y linear terms containing ∂χ
(
x
′ − ux, y0
)
/∂y0
disappear as a result of integration over y0 . The similar situation occurs in the term
〈χ− χ′〉 containing the second derivatives with y0 .
Inserting (16) into (10) and taking into account (19), we obtain the following expres-
sion for the scattering cross section:
〈 d2σ
dq2⊥
〉 = 1
4pi2
∫
dx
′
dy
′ ∫
d∆xd∆ye
i
q⊥∆
~ exp
{
i∆x~ A+
∆2x
2~2 (iB −D)−
∆2y
2~2F
}
(20)
where
A = n⊥Lz
∫∞
−∞ duxf (ux)
∫ Ly
0 dy0
∂χ
(
x
′−ux,y0
)
∂x′
;
B = n⊥Lz
∫∞
−∞ duxf (ux)
∫ Ly
0 dy0
∂2χ
(
x
′−ux,y0
)
∂x′2 ; (21)
D = n⊥Lz
∫∞
−∞ duxf (ux)
∫ Ly
0 dy0
(
∂χ
(
x
′−ux,y0
)
∂x′
)2
;
F = n⊥Lz
∫∞
−∞ duxf (ux)
∫ Ly
0 dy0
(
∂χ
(
x
′−ux,y0
)
∂y
′
0
)2
.
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After integration over ∆x and ∆y we find out that
〈d
2σ
dq2⊥
〉 = Ly
4pi2
∫
dx
′
√
2pi
iB −De
− (qx+A)2
2(iB−D)
√
2pi
F
e−
q2y
F (22)
We used here the fact that the integrand (20) does not depend on y′ . Integration
over y′ gives Ly . To calculate the integral over x
′ , we use the stationary phase method,
according to which the main contribution to this integral is made by the x′ values, which
are close to the x˜ value determined with relation:
qx = −A (x˜) (23)
Considering mentioned above, for the convergence of the integral over x′ in (22),
the function A = A
(
x
′
)
should be expanded in series with
(
x
′ − x˜
)
upto linear terms,
while other functions in the integrand should be taken with x′ = x˜. After integration
over
(
x
′ − x˜
)
, we obtain the following expression for the scattering cross section:
〈d
2σ
dq2⊥
〉 = Ly
2pi
1
|dqx(x˜)dx˜ |
e
− q
2
y
〈q2y〉
√
pi
〈q2y〉
(24)
where qx (x˜) = −A (x˜) and 〈q2y〉 = 2F (x˜)
4 Discussion
The obtained results show that the atoms ordering in the target leads to significant
changes in the features of the particles scattering in the substance. On the basis of the
eikonal approximation, it is possible to consider from a single point of view the particles
scattering in both amorphous and ordered media.
When a particle is scattered in the field of a separate atomic crystal plane, the
〈χ − χ′〉 value in (16) is determined by the continuous potential of the crystal plane of
atoms, which is widely used to describe the fast particles motion in planar channeling
case [2, 6, 7]. This potential lets us to take into account the correlation properties of
particle scattering during its successive collisions with atoms of the plane. The continuous
potential is determined in (17), taking into account the thermal vibrations of atoms along
the x -axis. Thus, in the considered approach, the concept of a continuous potential of
the crystal plane of atoms appears naturally.
The quadratic combinations of the χ and χ′ values in (16) determine the scattering
incoherent effects associated with the influence of the potential fluctuations of the crystal
plane relatively to its average value on the scattering. In an amorphous medium (in this
case 〈χ − χ′〉 = 0 ), the inclusion of these quadratic terms leads to effects associated
with multiple scattering on substance atoms, and the scattering is described by the
Gaussian distribution of deflection angles of scattered particles (5). We note that if we
set 〈u2〉 → ∞ (an amorphous media case), the values of A and B in (22) turn into zero.
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In this case, formula (22) becomes equal to the corresponding result of the theory of
particles multiple scattering in matter (5). Thus, using the eikonal approximation, it is
possible to consider both the correlation effects in scattering and the effects associated
with particles multiple scattering in a substance from a unified point of view.
Formula (24) shows that the scattering cross section of a particle in the field of a
thin separate crystal plane of atoms is a product of two multipliers determining the
scattering in the field of the corresponding continuous potential of the crystal plane of
atoms along the x -axis and one-dimensional multiple scattering along the y-axis. The
first of these multipliers coincides with the corresponding result of the classical theory
of scattering in the field of a continuous potential of a thin crystal plane (the reduced
Planck constant ~ in this multiplier vanishes as a result of using the stationary phase
method to calculate the integral over x’ in (22)). The second multiplier is the Gaussian
distribution of scattering angles along the y-axis in a medium with a non-uniform atoms
density distribution. The mean value of the squared scattering angle along the y-axis
in this case is determined by the point of the stationary phase x˜ , which, in its turn, is
determined by the scattering angle value along the x -axis. Thus, the particles scattering
characteristics along the y and x axes in this case turn out to be interconnected despite
the different mechanisms of particle scattering along the y and x axes.
We note that the formula for the scattering cross section (24) differs from the cor-
responding result of the Born approximation. In the Born approximation, the exponent
in (16) must be expanded in series in powers of χ . Taking into account the quadratic
terms of the expansion in χ , we obtain the following expression for the scattering cross
section (10):
〈 d2σ
dq2⊥
〉 ≈ 1
4pi2
{
N
(
1− e−
q2⊥〈u
2〉
2
)
|χq⊥ |2 +N2e−
q2⊥〈u
2〉
2 |χq⊥ |2
}
, (25)
χq⊥ =
∫
d2ρei
~q~ρ
~ χ (~ρ)
The term in (25), proportional to N, is a cross section of incoherent scattering. The
term proportional to N2 is a coherent scattering cross section.
Formula (25) has the same structure as the corresponding result of the Ter-Mikaelyan
theory [1, 8] for ultrarelativistic electrons coherent radiation in a crystal, obtained on the
basis of the Born perturbation theory.
The difference between formulas (24) and (25) is due to the following reasons. In
deriving (24), it was assumed that the main contribution to the scattering cross section
is made by the values of ~ρ , which are close to ~ρ′ . The conditions of applicability of
the Born approximation in this problem are opposite to the conditions under which the
derivation of formula (24) was carried out.
The suggested method for obtaining the scattering cross section of fast charged par-
ticles in a crystal, based on the eikonal approximation of the quantum scattering theory,
can be generalized to the case of particles scattering in the field of periodically located
crystal planes of atoms, as well as to the cases of other orientations of the crystallographic
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axes relatively to direction of the incident beam motion. These cases, however, require
special consideration due to more complex arrangement of atoms in the target.
The main ideas of this paper can also be generalized to the case of thicker crystals, in
which it is necessary to apply the theory beyond the eikonal approximation. Of particular
interest in this regard are the possibilities of applying geometric optics methods to this
problem [9]. This aspect, however, also requires special consideration.
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